In this paper, we are concerned with a singular version of the Moser-Trudinger inequality with the exact growth condition in the n-dimension hyperbolic space H n . Our result is a natural extension of the work of Lu and Tang in (J. Geom. Anal. 26:837-857, 2016).
Introduction
Let W 
where
. Moreover, the constant α n is sharp in the sense that if α ≥ α n , the supremum will become infinite.
They proved the sharpness of the exponent α by modifying a sequence of test functions introduced by Moser. In order to obtain the Moser-Trudinger inequality in the critical case α = α n , Ruf [] (in the dimension n = ) and Li and Ruf [] (in the dimension n ≥ ) replaced the Dirichlet norm with the standard Sobolev norm, i.e.
and obtained the Moser-Trudinger inequality in the whole space R n in the case of α = α n .
Masmoudi and Sani in their elegant papers [, ] kept the two conditions α = α n and R n |∇u| n dx ≤ . They proved the following.
Theorem C ([])
For n ≥ , there exists a positive constant C n such that 
The Moser-Trudinger inequality on hyperbolic space was first established by Mancini and Sandeep [], they proved the Moser-Trudiner inequality on conformal discs. Lu and Tang in [] considered the subcritical Moser-Trudinger inequality on high dimensional hyperbolic space. They proved the following result.
Furthermore the constant α n is sharp in the sense that the inequality does not hold if we replace the constant α with any α ≥ α n .
Recently, Lu and Tang in [] considered the sharp Moser-Trudinger inequality with the exact growth condition on hyperbolic space, they proved the following results. Motivated by the above results, we consider the singular version of the Moser-Trudinger inequality with the exact growth condition on hyperbolic space. We state our results as follows.
Theorem E For any u
∈ W ,n (H n ) satisfying H n |∇ g u| n dV ≤ , there exists a positive con- stant C n such that H n (α n |u| n n- ) ( + u) n n- dV ≤ C n H n u(x) n dV . ()
Theorem  For any radially decreasing function u
We verify that the power , there exists a sequence of functions
This paper is organized as follows. In Section , we give some important lemmas which will play key roles in the proof of Theorem . In Section , we establish a singular version of Moser-Trudinger inequality with the exact growth condition on hyperbolic space (Theorem ). In Section , we give the proof of the sharpness of the singular Moser-Trudinger inequality with the exact growth condition in Theorem .
Some important lemmas
In this section, we give some key lemmas which play an important role in the proof of Theorem .
Then, for any h > , we have
With the help of Lemma , one can obtain the following lemma.
Lemma  There exists a constant C such that for, any nonnegative decreasing function u with u(R)
Proof By scaling, it suffices to show that, for any nonnegative decreasing function u satisfying u() >  and ω n-
we have 
Therefore,
Next, we start to estimate h  . Set  < r < e /n , then
By () and (), we derive that
Then we apply Lemma  to conclude that
This completes the proof of Lemma .
Singular Moser-Trudinger inequality with the exact growth condition
In this section, we shall establish a singular version of Moser-Trudinger inequality with the exact growth condition on hyperbolic space. Namely, we will give the proof of Theorem . By the density, we can assume that u(x) is compactly supported in H n . We use the idea of
Moser []. Set d(, x) = t and u(x) = v(d(, x)) = v(t), then
Thus, it suffices to show that there exists a positive constant C n such that
Next, we focus on the integral over (, R]. Set  < ε  <  and let R  (u) >  such that
where  < ρ ≤ . In order to estimate the integral over (, R], we need to consider two cases: R  ≥ R and R  ≤ R.
First, we consider the case that R  ≥ R. For  < t ≤ R, we can write
For any ε > , one can apply the following well-known inequality:
Pick ε sufficiently small such that ( + ε) n- ε  < , then
For R → , it is easy to check that
For R → +∞, one can calculate
On the other hand,
We can combine () and () to derive that
Then by () and (), we obtain the desired inequality of Theorem  for R  ≥ R. Now, we consider the case R  < R. First, we consider the integral over (R  , R). By
It is easy to check that
Using the same calculation as we did in the case R  ≥ R, we can derive
Now, we only need to consider the integral on [,
One can employ the equality () to derive that
Then we obtain
We can apply Lemma  to obtain
We can apply the singular Moser-Trudinger inequality on a bounded domain to obtain
That is,
is monotone increasing on (, ∞), by (), () and () we derive
Combining () with (), we obtain the desired inequality of Theorem  for R  ≤ R. This accomplishes the proof of Theorem .
Sharpness
In this section, we show that the desired inequality in Theorem  does not hold if the power By calculation, we derive that
It follows that 
